We test the convergence of the QCD exponential sum rules by including PT corrections to order α 3 s and the NP contributions up to dimension D = 8 condensates. Then, using the ratio of exponential sum rules where the QCD PT series is more convergent, we study the correlation between the gluon condensates α s G 2 and g 3 f abc G 3 . From charmonium systems and using the charm quark mass as input, we deduce: g 3 f abc G 3 = (8.2 ± 1.0) GeV 2 × α s G 2 corresponding to α s G 2 = (7.5 ± 2.0) × 10 −2 GeV 4 . Using these results for the bottomium systems, we obtain: m b (m b ) = 4212(32) MeV, which is slightly higher but consistent within the errrors with the ones from Q 2 -moments and their ratios m b (m b ) = 4172(12) MeV. We are tempted to consider as a final result from the sum rules approaches, the average m b (m b ) = 4177(11) MeV of the two previous determinations.
Introduction and motivations
Īn recent letters [1, 2] , we have used finite n and Q 2 -moments M n (Q 2 ):
for extracting the values of the gluon condensates and precise values of the running c, b quark masses in the MS -scheme. The results for the condensates are:
and for the quark masses (average of the two consistent determinations in [1] and [2] ): 
F ollowing the same lines, we study in this letter the QCDexponential moments: 
and its ratio:
when higher order PT and NP terms are included into their QCD expressions; R e + e − is the ratio of the total cross-section
Email address: snarison@yahoo.fr (Stephan Narison ) of σ(e + e − → hadrons) over σ(e + e − → µ + µ − ), which is normalized asymptotically to one; τ is the sum rule variable. H owever, working with higher values of p does not help due to the relative increase of the higher energy contributions to the spectral integral which are not under a good control and which decreases the accuracy of the predictions. Then, we shall limit ourselves to the case p = 0, 1 where L 0 can be derived naturally from the moments M n Q 2 by taking the limit:
T herefore, by working with L 0 and L 1 , one can explore a new region of energy which is not reached with M n Q 2 at finite and relatively small n and Q 2 values like e.g. the M n Q 2 = 0 moments. One can also notice that in the case of the exponential sum rules, Q 2 and n are correlated via the sum rule variable τ, which is not the case of M n Q 2 where they are completely free and uncorrelated. In this sense, the two approaches are different but complementary and one needs to study both methods for a complete test of the sum rule approaches. Ō riginally named Borel sum rules by SVZ because of the appearance of a factorial suppression factor in the nonperturbative condensate contributions, it has been shown by [4] that the PT radiative corrections satisfy instead the properties of an inverse Laplace sum rule. Exponential sum rules have been used successfully by SVZ for light quark systems [3] . Especially, the ratio of moments has been largely used in the literature as it appears to be a useful tool for extracting the masses of lowest hadrons [5] [6] [7] . Īn the case of heavy quarks, Bell-Bertlmann have used the exponential sum rules (so-called magic moments) in a series of papers for their relativistic and non-relativistic versions [8] [9] [10] . In particular, they have studied its quantum mechanical interpretation using the model of harmonic oscillator where they found that the sum rule variable τ is related to the imaginary time while the optimal value of the results can be extracted at the minimum or inflexion point (stability point) of the theoretical curves. Using this method, it has been emphasized by [8] [9] [10] that the value of the gluon condensate α s G 2 obtained by SVZ [3] has been underestimated by about a factor 2. A result which has been supported by forthcoming papers in different channels [11] [12] [13] [14] . Ū nfortunately, the existing different applications of the exponential Borel/Laplace sum rule for heavy quarkonia systems [8] [9] [10] 14] and for heavy exotic states (see e.g. [15] ) suffer from the ambiguous definition of the heavy quark masses used in the analysis because, in these applications, the QCD series are only known to lowest order or at most to order α s . This feature does not permit to extract accurate predictions of the quark and hadron masses from exponential sum rules, with the exception of working with double ratio of sum rules (DRSR) introduced in [16] for extracting mass-splittings and ratio of couplings and of form factors despite the poor knowledge of the QCD corrections in these channels because the systematics of the method and QCD corrections tend to disappear [13, [17] [18] [19] [20] [21] [22] [23] . Īn this letter, we shall improve the previous old extractions done [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] years ago of the PT (heavy quark masses) and NPT (gluon condensates) QCD parameters [8-10, 14, 24] by including into the exponential sum rules, pQCD corrections up to order α 3 s and non perturbative QCD condensates up to dimension D = 8 condensates. Unlike Refs. [8] [9] [10] 14] , we shall not also use the input value of the g 3 f abc G 3 deduced from the Dilute gas Instanton estimate but leaves it as a free parameter in the analysis. In particular, it is important to check these new higher order effects on the estimate of the gluon condensate α s G 2 and of the quark masses done previously by Bell-Bertlmann [8] [9] [10] , which we shall compare with some new results obtained in [1, 2] using finite Q 2 and n-moments M n Q 2 . Indeed, a reliable control of these QCD parameters are mandatory for further applications of the SVZ sum rules. B y parametrizing the high-energy part of the spectral function from a threshold t c by a "QCD continuum" which comes from the discontinuity of the Feynman diagrams contributions to the two-point function, one can transform the previous sum rules in Eqs. (4) and (5) into Finite Energy Sum Rules (FESR):
where M R is the lowest resonance mass.
Expressions of the sum rules
W e parametrize the spectral function using the J/ψ family masses and widths for the c-quark channel and the ones of the Υ family in the b-quark channel. These inputs are given in Tables 1 and 3 of [1] . We add to these resonance contributions the one of the QCD continuum above respectively the threshold √ t c = (4.6 ± 0.1) and (11.098 ± 0.079) GeV, which is described by the asymptotic pQCD expression in the massless quark limit in the MS -scheme, which reads for n f = 4 flavours 1 :
where 2 :
T he perturbative QCD expression is deduced from the wellknown spectral function to order α s within the on-shell renormalization scheme [25, 26] , which we have transformed to the MS -scheme using the relation between the on-shell and MSmass truncated at the same order of PT series [27] :
W e add to this expression the PT approximate spectral function to order α 2 s in the MS -scheme [28] and we add to it the one of α 3 s term deduced from the expression given in [29] . T he D = 4 gluon condensate contribution comes from SVZ [3] to LO and from [30] to NLO. T he D = 6 and 8 contributions come from [31, 32] . Their analytic contributions to the the ratio of exponentiel moments are given by [10] . We shall use the modified factorization of the D = 8 proposed by [33] based on 1/N expansion with a value of about 1/2 of the one from a naïve factorization [32, 34] which is favoured by the analysis of the Q 2 -moments in [1] .
Tests of the convergence and choice of the sum rules
In the following, we test the convergence of the charmonium sum rules which will permit us to select the quantity which can provide reliable results. 
where one can notice that the PT corrections are large. For the ratio of moments normalized to the lowest order expression, we obtain within the same approximation and for τ = 1.35 GeV −2 :
where in this case, the PT corrections are much smaller and the series converge quite well. We illustrate the previous discussions by showing the τ-behaviours of the PT moments and of their ratio in Fig. 1 . We also show the experimental part of the moments (continuous-black curve). We have used the central values of the input QCD parameters in Eqs. (2) and (3) and the value of α s deduced from the one from τ-decays [35, 36] : Ā t this value of τ, the non-perturbative contributions to the ratio of moments normalized to the PT LO term read:
which also indicates a quite good convergence of the OPE despite this relatively large value of τ. T herefore, in the following, we shall definitely work with the ratio of moments for extracting the QCD parameters.
g 3 f abc G 3 versus α s G 2 from charmonium
In this section, our aim is to improve the estimate of the triple gluon condensate g 3 f abc G 3 from the ratio of the exponential sum rules using its correlation with the gluon condensate 
indicating that the higher state contributions to the ratio of moments are neglible at this value of τ. W e show in Fig. 3 the correlation between ρ c and α s G 2 from which we can find a slight stability (inflexion point) for the range:
which is comparable with the one in Eq. (2) obtained from the Q 2 -moments though less accurate here. In this region, we can deduce in GeV −1 3 :
where the error comes respectively from α s G 2 , α s , the choice of subtraction point ν, the localisation of the minimum : τ ≃ (1.25 ∼ 1.45) GeV −2 . We have estimated the effect of the subtraction point ν by varying it from m c (m c ) to M τ and using the substitution (see e.g. [5, 7] ):
where β 1 = −(1/2)(11 − 2n f /3) for n f -flavours. The error due to the α n≥4 s is obtained by taking the ± sign in the coefficient of α 3 s and is negligible. The error due to the data is also negligible. T he previous value of ρ c in Eq. (17) leads to:
where the relation from the Dilute Gas Instanton approximation:
has been used. We consider this result as an improvement of the one in Eq. (2) from the Q 2 -moments [1] . Notice that in the past [8] [9] [10] 14] , the contribution of g 3 f abc G 3 has been negligible because of the (a priori) use of the instanton radius ρ c ≃ 5 GeV −1 from the dilute gas approximation [3] , which is not favoured by the previous result. ) and of τ at which the ratio of sum rules stabilizes (see Fig. 4 ), the convergence of the QCD PT and NP series is faster here than for the case of charmonium. More explicitly, for τ = 0.2 GeV −2 , the PT expression of the ratio of sum rules reads numerically:
where we have used the QCD inputs in Eqs. (2), (3) and (17) . We shall use the value of α s deduced from the one from τ-decay [35, 36] :
Using α s G 2 from Eq. (2), the improved value of the triple gluon condensate in Eq. (17) (23) corresponding to τ = (0.20 ± 0.06) GeV −2 where the inflexion point of the theoretical curve meets the experimental one (see Fig. 4 ). W e notice that the sum of the NP condensate contributions is about 1.9 per mil of m b which is quite small. T he error due to the α n≥4 s is obtained by taking the ± sign in the coefficient of α 3 s . The one due to ν is induced by moving it in the range (m b ± 1) GeV. The one due to G 4 is the deviation from the modified to the usual factorization. The one from Coulombic corrections has been estimated like in [2] from the resummed expression of the spectral function [37] and adding to it the PT expression up to order α 2 s computed in [38] which contains the familiar (1 − 4C F a s ) factor due to the quarkonium annihilation through a single (transverse) virtual gluon and corrections to order v and logv for small v. Then, we deduce the final value:
which is slightly higher and less accurate than the one from the Q 2 -moments given in Eq. (3) [1, 2] but the two results are consistent within the errors. B y comparing the two results from the Q 2 -moments and exponential sum rules, we are tempted to take the average of the results in Eqs. (3) and (24) as a final result from the sum rules approaches: Fig. 2 for the QCD contributions. The black continuous (rep. short dashed) curves are the experimental contribution including (resp. without) the QCD continuum.
Conclusions and outlook
W e have reconsidered the QCD-exponential sum rules by including higher order PT corrections to order α 3 s and non perturbative gluon condensate contributions up to D = 8. We have also included the radiative corrections to the D = 4 contribution. By studying the convergence of the PT series, we have concluded that the ratio of sum rules R 0 in Eq. (5) [12, 13] . We have also used the modified factorization for the D = 8 condensates proposed by [33] , which was favoured in the analysis of Q 2 -moments [1] . The present result improves earlier ones obtained in Eq. (2) from Q 2 -moments [1] . Ū sing the previous results to the bottomium systems, we obtain, from R the ratio of exponential sum rules. The result is slightly higher than the one from Q 2 -moments in Eq. (3) and less accurate but agrees with it within the errors. We are tempted to consider as a final result of m b (m b ) from the sum rules approach, the average given in Eq. (25) from the ratio of Q 2 -moments and that of exponential sum rules. The previous result improves older findings for the b-quark mass from bottomium systems by the author [24] , by Bell-Bertlmann in a series of papers [8] [9] [10] and by [14] .
